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Abstract. Recently, fully nonlinear curvature flow of a certain class of axially symmetric hypersurfaces with
boundary conditions was considered and a partial characterisation of the finite maximal time of existence
was obtained, in the case of convex speeds [MMW]. In this paper we remove the convexity condition on the
speed in the case it is homogeneous of degree one in the principal curvatures and the boundary conditions
are pure Neumann. Moreover, we classify the singularities of the flow of a larger class of axially symmetric
hypersurfaces as Type I. Our approach to remove the convexity requirement on the speed is based upon earlier
work of Andrews for evolving convex surfaces [An2,An4]; these arguments for obtaining a ‘curvature pinching
estimate’ may be adapted to this setting due to axial symmetry. As further applications of curvature pinching
in this setting, we show that closed, convex, axially symmetric hypersurfaces contract under the flow to round
points, and hypersurfaces contracting self-similarly are necessarily spheres. These results are new for n ≥ 3.
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1. Introduction
Recently, the first two authors, together with Williams, investigated a class of fully-nonlinear curvature flows of
axially symmetry hypersurfaces with boundary conditions [MMW], following earlier studies of the mean curvature
flow in this setting [H2,DK,AAG,Ma,EM]. Critical in [MMW] was the convexity of the speed as a function of the
principal curvatures. In this article, we remove that restriction in the case of pure Neumann boundary conditions
by consideration of an appropriate pinching function of the principal curvatures of the evolving hypersurface.
Our idea is based upon earlier constructions for evolving convex surfaces by Andrews [An2, An4] of preserved
pinching functions, constructions which were also used by the first author [Mc1, Mc2]. Very recently, the first
author, together with Andrews and Langford, controlled a pinching function under fully nonlinear curvature
flow of nonconvex surfaces [ALM1]. The monotonicity of these curvature pinching functions is obtained via
application of the maximum principle on the evolving surfaces; constructions use heavily the Codazzi equations
and homogeneity of the speed and the pinching function which provide sufficient information in the case of
surfaces. However, in this article, we are able to establish curvature pinching for axially symmetric hypersurfaces,
that is, for n-dimensional hypersurfaces with Sn−1 symmetry, since enough of the gradient terms disappear from
the evolution equation for the pinching function to permit a similar analysis to earlier work. Preservation of a
pinching ratio under the flow implies uniform parabolicity of the flow equation and bounds above and below on
all symmetric functions of the principal curvatures that are homogeneous of degree zero.
As in the case of the mean curvature flow [H2], axially symmetric hypersurfaces evolve under our fully
nonlinear flows for a finite maximal time T when a curvature singularity develops. We classify the curvature
singularity as ‘Type I’, as in the case of mean curvature flow, however our analysis is somewhat different to that
in [H2] due to the fully nonlinear nature of our flow. We refer the reader to [ALM1,ALM2] for discussions on the
importance and consequences of classifying singularities of fully nonlinear curvature flow.
The structure of this article is as follows. In Section 2, we set the majority of our notation, which is consistent
with earlier work and we detail the properties of the nonlinear speed functions under consideration. In Section 3
we briefly describe the geometric features of axially symmetric hypersurfaces that we will require in our analysis,
in particular we provide expressions for the Christoffel symbols and the gradient of the Weingarten map in this
setting. In Section 4 we discuss the flow problem and prove some preliminary results. The system of evolution
equations describing the position vector of the evolving hypersurface is equivalent to a scalar evolution equation
for the corresponding height of the graph of the generating curve above the x-axis. We obtain a lower bound on
*Corresponding author. The research of the first and third authors was supported by Discovery Project DP120100097 of the Aus-
tralian Research Council. The research of the second author was supported by a postgraduate scholarship from Princess Nora bin
Abdulrahman University.
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the rotational curvatures that is inversely proportional to the height of the evolving graph; this implies a similar
bound on the axial derivative of the graph function. In Section 5 we prove the crucial pinching estimate, listing
several important corollaries including a bound on the ratio of the principal curvatures. We also apply curvature
pinching to remove the convexity condition in the main result of [MMW] in the case of pure Neumann boundary
conditions and to show that the second axial derivative of the graph function is bounded inversely proportional to
the square of the graph height. In Section 6 we characterise the maximal time as the time of blow-up of the norm
of the second fundamental form and we show that in this setting, as is the case with convex surfaces [An1,An4],
the singularity is Type I. In Section 7, we turn our attention to contracting closed, convex, axially symmetric
hypersurfaces, showing that such hypersurfaces contract under our class of flow to asymptotically spherical points
in finite time. Moreover, if the contraction is self-similar, then the hypersurface must be a sphere. For n ≥ 3 these
are a new results: they generalise to higher dimensions the results in [An4] and [Mc2] and can also be thought of
as a relaxation of requirements on the speed or the initial data of other works.
The authors would like to thank Professor Graham Williams and Dr Glen Wheeler for their interest in this
work and the anonymous referee whose suggestion led to the inclusion of Section 7.
2. Preliminaries
We will use similar notation to earlier work. In particular, g = {gij}, A = {hij} and W =
{
hij
}
denote respectively
the metric, second fundamental form and Weingarten map of Mt. The mean curvature of Mt is
H = gijhij = hii
and the norm of the second fundamental form is
|A|2 = gijglmhilhjm = hjlh
l
j
where gij is the (i, j)-entry of the inverse of the matrix (gij). Throughout this paper we sum over repeated
indices from 1 to n unless otherwise indicated. We will denote by ∇ the covariant derivative on the hypersur-
face and by ∇ the derivative on [0, a]×Sn−1. In particular, ∇1 = ∂∂x , while ∇j , j ≥ 2 denote the S
n−1 derivatives.
Our nonlinear speed functions F should have the following properties:
Conditions 2.1.
(i) F (W) = f (κ (W)) where κ (W) gives the eigenvalues of W and f is a smooth, symmetric function defined
on an open convex cone Γ containing the positive cone
Γ+ = {κ = (κ1, . . . , κn) ∈ Rn : κi > 0 for all i = 1, 2, . . . , n} .
(ii) f is strictly increasing in each argument: ∂f∂κi > 0 for each i = 1, . . . , n at every point of Γ.
(iii) f is homogeneous of degree one: f (kκ) = kf (κ) for any k > 0.
(iv) f is positive and normalised, f (1, . . . , 1) = 1.
As mentioned above, of note in this article is the absence of a convexity condition on f . Speeds which satisfy
the above conditions are discussed in [Mc2] and in [ALM1]; in particular, here we can take linear combinations
of examples regardless of individual convexity or concavity. Many speeds may be built from combinations of
elementary symmetric functions of the principal curvatures.
We will denote by
(
Ḟ kl
)
the matrix of first partial derivatives of F with respect to the components of its
argument:
∂
∂s
F (A+ sB)
∣∣∣∣
s=0
= Ḟ kl (A)Bkl.
Similarly for the second partial derivatives of F we write
∂2
∂s2
F (A+ sB)
∣∣∣∣
s=0
= F̈ kl,rs (A)BklBrs.
We will also use the notation
ḟi (κ) =
∂f
∂κi
(κ) and f̈ij (κ) =
∂2f
∂κiκj
(κ) .
Unless otherwise indicated, throughout this paper we will always evaluate partial derivatives of F at W and
partial derivatives of f at κ (W).
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In a local orthonormal frame of eigenvectors of W, we may write F̈ in terms of f̈ and ḟ as follows, for any
symmetric matrix B:
F̈ pq,rs (W)BpqBrs = f̈prBppBrr + 2
∑
p<r
ḟp (κ)− ḟr (κ)
κp − κr
(Bpr)
2 . (1)
This formula makes sense as a limit in the case of any repeated values of κi. For details of this, we refer the
reader to [An3], for example.
3. Geometry of axially symmetric hypersurfaces
An n-dimensional axially-symmetric hypersurface M can be specified by a corresponding strictly positive and
suitably smooth function u : [0, a]→ R such that M is parametrised by X : [0, a]× Sn−1 → Rn+1, where
X (x, ω) = (x, u (x)ω) . (2)
We will assume that u is smooth enough on [0, a] for all derivatives we use to make sense. Throughout the paper,
derivatives at the endpoints x = 0 and x = a are interpreted naturally as one-sided derivatives.
As in [H2] we will set y =
√
|X|2 − 〈X, e1〉2, where e1 is the unit vector in the x1-axis direction and
q = 〈ν, e1〉 y−1 = −y′ κ2, where ν is the outer unit normal to M . In a slight abuse of notation, we will often write
u in place of y to emphasise the dependence of the graph function only on the axial direction x = x1.
It is straightforward to check that the matrices of the metric, second fundamental form and Weingarten
map of M are given respectively by
gij =
(
1 + u2x 0
0 u2 σij
)
, hij =
 − uxx√1+u2x 0
0 u√
1+u2x
σij
 and hij =
 − uxx[1+u2x] 32 0
0 1
u
√
1+u2x
δij
 , (3)
where σij denotes the metric on Sn−1, δij is the Kronecker delta and we write ux = dudx .
We will denote by κ1 the curvature of the generating curve (x, u (x)) of the surface of revolution, that is, κ1
is the ‘axial curvature’. We denote by κ2 the ‘rotational curvatures’, κ2 = κ3 = . . . = κn. In view of the above
expression for the matrix of the Weingarten map, the principal curvatures of M are clearly given by
κ1 =
−uxx
[1 + u2x]
3
2
, κj =
1
u
√
1 + u2x
, j = 2, . . . , n. (4)
Because of the axial symmetry, many of the derivatives of the second fundamental form for axially symmetric
surfaces are identically equal to zero. We compute them explicitly, via the Christoffel symbols.
Lemma 3.1. In normal coordinates at any particular point, the only nonzero Christoffel symbols of the induced
metric of axially symmetric hypersurfaces of the form (2) are
Γ111 =
uxuxx
1 + u2x
and for any k ≥ 2,
Γ1kk = −
uux
1 + u2x
, Γk1k = Γ
k
k1 =
ux
u
.
Proof: The required formulae follow by direct computation using
Γkij =
1
2
gkl
(
∇igjl +∇jgil −∇lgij
)
and the facts that
∇1gij =
∂
∂x1
gij =

2ux uxx i = j = 1,
2uux σij , i, j ≥ 2
0 otherwise
and for k ≥ 2, ∇kgij = 0. 2
Lemma 3.2. The nonzero components of ∇W for axially symmetric hypersurfaces of the form (2) are
∇1h11 =
−uxxx
(1 + u2x)
3
2
+
3uxu2xx
(1 + u2x)
5
2
and
∇1hkk =
−ux
u2
√
1 + u2x
− uxuxx
u (1 + u2x)
3
2
=
ux
u
(κ1 − κ2) .
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Proof: We use the formula
∇ihjk = ∇ih
j
k + Γ
j
ilh
l
k − Γlikh
j
l,
the expressions for hjk from (3) and Lemma 3.1. 2
4. Elementary flow behaviour
We begin with an axially symmetric hypersurface given in the form (2) with a positive and at least twice
differentiable initial graph function u0 : [0, a]→ R for which F (W0) > 0, that is, the speed function is everywhere
positive on M0. We now deform the hypersurface such that the evolving graph function u (x, t) describes an axially
symmetric hypersurface flowing with speed in the normal direction equal to
∂X
∂t
= −F (W) ν, (5)
where F satisfies Conditions 2.1 and we prescribe pure Neumann boundary conditions at x = 0 and x = a, that
is,
ux (0, t) = ux (a, t) = 0
for all t. As in [MMW], we add a tangential term to the normal speed such that the flow is well-defined; the
equivalent evolution of the graph function u (x, t) in the vertical direction is then
∂u
∂t
= −
√
1 + u2x F (W) . (6)
In view of (3) and Conditions 2.1, (iii), equation (6) can be rewritten as
∂u
∂t
=
ḟ1
1 + u2x
uxx −
(n− 1) ḟ2
u
. (7)
Note in particular that since the matrix of the Weingarten map is everywhere diagonal, so is the matrix for Ḟ ,
specifically
Ḟ ij = ḟ iδij .
Details of this equivalence in coordinates which diagonalise the Weingarten map may be found in [An3]. Moreover,
in view of symmetry, ḟ2 (κ1, κ2, . . . , κ2) = . . . = ḟn (κ1, κ2, . . . , κ2); here and throughout we will write ḟ2.
Conditions 2.1, (ii) ensures existence at least for a short time of a solution to (7) with initial condition
u (·, 0) = u0 and pure Neumann boundary conditions; we refer the reader to [MMW] for a discussion of short-
time existence for solutions to the flow in this setting.
Whereas in [MMW] evolution equations were mainly on [0, a]× Sn−1, here we use mainly equations on the
evolving hypersurface. Specifically, we have the following evolution equations.
Lemma 4.1. Under the flow (6),
(i) ∂∂tF = LF + Ḟ
klhmk hmlF ,
(ii) ∂∂tH = LH + F̈
kl,rs∇ihkl∇ihrs + Ḟ klhmk hmlH,
(iii) ∂∂tκ2 = Lκ2 + Ḟ
klhkmh
m
lκ2 + 2Ḟ
11q2 (κ1 − κ2),
where L = Ḟ kl∇k∇l and ∇ denotes the covariant derivative on Mt = X (·, t).
Proof: Equations (i) and (ii) are as in [An1], for example, while (iii) is easily derived in the same way as in
[H2]. We note that we can actually compute the evolution of the individual principal curvatures because the
Weingarten map is everywhere diagonal in our setting. 2
Because we have pure Neumann boundary conditions, we can reflect in the x = 0 plane to create an even
graph function which we then extend to a periodic solution of (6) on R× [0, T ). Then in applying the maximum
principle we need only consider interior extrema. This idea was also used in [At,H2]. Applications of the maximum
principle to Lemma 4.1 lead to the following.
Corollary 4.2. Under the flow (6),
(i) If F ≥ 0 everywhere on M0, then minMt F ≥ minM0 F .
(ii) If F is convex then if H ≥ 0 everywhere on M0, then minMt H ≥ minM0 H.
Proof: These are direct applications of the maximum principle since Conditions 2.1 (ii) implies
Ḟ klhkmh
m
l = ḟ
1κ21 + (n− 1) ḟ2κ22 ≥ 0. (8)
For part (ii), convexity of F ensures that the gradient term has the correct sign. 2
Remarks:
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(i) As a consequence of our pinching estimate in Section 5, we will see that in fact H > 0 remains true under
(6) even if F is not convex.
(ii) The Euler identity gives
f = ḟ1κ1 + ḟ2κ2 + . . .+ ḟnκn = ḟ1κ1 + (n− 1) ḟ2κ2,
so in view of Conditions 2.1, (ii), since F remains positive we must have everywhere at least one of the
principal curvatures is positive and therefore |A| > 0 holds under the flow.
Moreover, the evolution equation for κ2 provides directly a uniform lower bound.
Proposition 4.3. Under the flow (6), the minimum of the rotational curvatures κ2 does not decrease in time, that
is
min
Mt
κ2 ≥ min
M0
κ2 := c0 > 0.
Proof: Since q = −ux κ2, we may rewrite Lemma 4.1, (iii) as
∂
∂t
κ2 = Lκ2 + Ḟ klhkmhml κ2 + 2Ḟ
11u2xκ
2
2 (κ1 − κ2) .
Using Lemma 3.2, this can be rewritten as
∂
∂t
κ2 = Lκ2 + Ḟ klhkmhml κ2 + 2Ḟ
11u
(
ux
1 + u2x
)
∇1κ2.
As in (8), the zero order term is nonnegative. Also, the coefficient of ∇1κ2 is bounded, so the minimum of κ2
does not decrease under the flow, by the maximum principle. 2
Remark: In view of (3), Proposition 4.3 implies√
1 + u2x ≤
1
c0u
,
that is, while u > 0 the gradient ux remains bounded. We will provide an analogous bound on uxx in Section 5.
5. The pinching estimate
We first characterise the gradient terms at extrema of degree zero homogeneous functions of the curvatures
evolving under (6). A similar result was established in [ALM1] for surfaces.
Lemma 5.1. Let G (W) = g (κ (W)) be a smooth, symmetric, homogeneous of degree zero function in the principal
curvatures of the axially symmetric hypersurface given by (2). At any stationary point of G for which Ġ is
nondegenerate, (
ĠijF̈ kl,rs − Ḟ ijG̈kl,rs
)
∇ihkl∇jhrs =
2 f ġ1
κ2 (κ2 − κ1)
(∇1h22)2 .
Proof: It follows by a short contradiction argument, as in [ALM1], that wherever Ġ is nondegenerate we have
that κ1, κ2 6= 0 and κ2 6= κ1. Using orthonormal coordinates at a stationary point of G, we have using (1) and
Lemma 3.2 that
ĠijF̈ kl,rs∇ihkl∇jhrs = ġ1
{
f̈11 (∇1h11)2 + 2 (n− 1) f̈12∇1h11∇1h22 + (n− 1)2 f̈22 (∇1h22)2
}
+ 2 (n− 1) ġ2
(
ḟ1 − ḟ2
κ1 − κ2
)
(∇1h22)2
and similarly
Ḟ ijG̈kl,rs∇ihkl∇jhrs = ḟ1
{
g̈11 (∇1h11)2 + 2 (n− 1) g̈12∇1h11∇1h22 + (n− 1)2 g̈22 (∇1h22)2
}
+ 2 (n− 1) ḟ2
(
ġ1 − ġ2
κ1 − κ2
)
(∇1h22)2 ,
so (
ĠijF̈ kl,rs − Ḟ ijG̈kl,rs
)
∇ihkl∇jhrs =
(
ġ1f̈11 − ḟ1g̈11
)
(∇1h11)2 + 2 (n− 1)
(
ġ1f̈12 − ḟ1g̈12
)
∇1h11∇1h22
+
(n− 1)2 (ġ1f̈22 − ḟ1g̈22)+ 2 (n− 1)
(
ġ2ḟ1 − ḟ2ġ1
)
κ1 − κ2
 (∇1h22)2 . (9)
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Now
∇1G = ġ1∇1h11 + (n− 1) ġ2∇1h22
so, since G is nondegenerate,
∇1h11 =
1
ġ1
[
∇1G− (n− 1) ġ2∇1h22
]
and (9) becomes(
ĠijF̈ kl,rs − Ḟ ijG̈kl,rs
)
∇ihkl∇jhrs (10)
=
(
ġ1f̈11 − ḟ1g̈11
)
(ġ1)2
(∇1G)2 +
2 (n− 1)
ġ1
[(
ġ1f̈12 − ḟ1g̈12
)
− ġ
2
ġ1
(
ġ1f̈11 − ḟ1g̈11
)]
∇1h22∇1G
+ (n− 1)2
[(
ġ2
ġ1
)2 (
ġ1f̈11 − ḟ1g̈11
)
− 2 ġ
2
ġ1
(
ġ1f̈12 − ḟ1g̈12
)]
(∇1h22)2
+
(n− 1)2 (ġ1f̈22 − ḟ1g̈22)+ 2 (n− 1)
(
ġ2ḟ1 − ḟ2ġ1
)
κ1 − κ2
 (∇1h22)2 .
Since g is homogeneous of degree zero, the Euler identity gives
ġ1κ1 + (n− 1) ġ2κ2 = 0
so, since G is nondegenerate we may write
ġ2
ġ1
= − κ1
(n− 1)κ2
and the coefficient of (∇1h22)2 in (10) becomes
ġ1
κ22
[
f̈11κ21 + 2 (n− 1) f̈12κ1κ2 + (n− 1)
2
f̈22κ22
]
− ḟ
1
κ22
[
g̈11κ21 + 2 (n− 1) g̈12κ1κ2 + (n− 1)
2
g̈22κ22
]
+
2 (n− 1) ġ1
κ1 − κ2
[
− κ1
(n− 1)κ2
ḟ1 − ḟ2
]
.
Since f is homogeneous of degree 1, the first line above is identically equal to zero, while since g is homogeneous of
degree 0, the first square bracketed term on the second line above is also identically equal to zero. The remaining
term is equal to
− 2ġ
1
(κ1 − κ2)κ2
[
ḟ1κ1 + (n− 1) ḟ2κ2
]
= − 2fġ
1
(κ1 − κ2)κ2
and we conclude that at an extremum of G,(
ĠijF̈ kl,rs − Ḟ ijG̈kl,rs
)
∇ihkl∇jhrs =
2fġ1
κ2 (κ2 − κ1)
(∇1h22)2 .
2
Theorem 5.2. Under the flow (5),
H (x, t) ≥ c1 |A (x, t)| ,
where c1 = min
(
min[0,a] H|A| (·, 0) , 1
)
. In particular, if M0 has positive mean curvature, then H > 0 continues to
hold under the flow.
Proof: The function G = H|A| is homogeneous of degree zero, so it evolves under (5) according to
∂
∂t
G = LG+
(
ĠijF̈ kl,rs − Ḟ ijG̈kl,rs
)
∇ihkl∇jhrs (11)
(see, for example, [ALM1]). We have g (κ1, . . . , κn) = κ1+...+κn√
κ21+...+κ
2
n
so
ġ1 (κ1, κ2, . . . , κ2) =
(n− 1)κ2 (κ2 − κ1)
|A|3
and ġ2 (κ1, κ2, . . . , κ2) =
(n− 1)κ1 (κ1 − κ2)
|A|3
. (12)
Suppose now we are at a spatial minimum of G. At this point, Ġ could be nondegenerate or degenerate. If Ġ is
nondegenerate, then using Lemma 5.1 we have(
ĠijF̈ kl,rs − Ḟ ijG̈kl,rs
)
∇ihkl∇jhrs =
2 (n− 1) f
|A|3
(∇1h22)2 > 0
and the maximum principle applied to (11) gives that the minimum of G does not decrease. On the other hand, if
Ġ is degenerate, then from (12) either κ1 = 0, or κ1 = κ2 (the case κ2 = 0 does not occur in view of Proposition
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4.3). It follows from the Euler identity and Corollary 4.2, (i) that wherever κ1 = κ2, the principal curvatures are
positive.
• If κ1 = 0 then
g (0, κ2) =
(n− 1)κ2√
(n− 1)κ22
=
√
n− 1,
a positive lower bound on G.
• If κ1 = κ2 then
g (κ2, κ2) =
nκ2√
nκ22
=
√
n,
so g achieves its absolute maximum, namely the equality case of the Cauchy-Schwarz inequality, at the
supposed minimum. Thus g must be identically constant and Mt is umbilic, which is impossible.
It follows that G is bounded below by c1 := min (minM0 G, 1). In the case that M0 has positive mean curvature,
c1 > 0 and the second statement of the lemma follows. 2
Remarks:
1. Theorem 5.2 and the Cauchy-Schwarz inequality imply
0 < c0 ≤
H
|A|
≤ 1√
n
under (5). If we restrict to {κ ∈ Γ : |A| = 1}, the curvatures remain within a compact subset. Since ḟ is
continuous and homogeneous of degree zero, this in turn implies (5) is uniformly parabolic; for each i
C ≤ ḟ i ≤ C (13)
is maintained under the flow.
2. By the same argument as in 1. above, any homogeneous of degree zero function of the principal curvatures
is bounded above and below under the flow. In particular, considering the function HF we have
F ≥ c0H.
Similarly trace Ḟ =
∑n
i=1 ḟ
i is another homogeneous of degree zero function, so under the flow
n∑
i=1
ḟ i ≤ c0.
(In the case that F is convex, it follows algebraically that one may take c0 =
1
n and c0 = 1 in the above
two inequalities.) These inequalities were critical in the analysis in [MMW]; in the case of pure Neumann
boundary conditions they may be replaced by the above inequalities such that the results of that paper
carry over for F homogeneous of degree 1 and not necessarily convex. Specifically we have the following
partial singularity characterisation:
Theorem 5.3. Let M0 be an axially symmetric hypersurface given by (2) for some positive, nondecreasing function
u0 ∈ C2 ([0, a]). Suppose F satisfies Conditions 2.1 and is everywhere nonnegative on M0. There exists a unique
solution u ∈ C2 ([0, a]× [0, T )), T <∞ to (6) with pure Neumann boundary conditions. If, additionally,
lim
z→−∞
f (z, 1, . . . , 1) < 0,
where we allow the case that the limit is equal to −∞, then if limt→T κ21 (a, t) <∞ we have
lim
t→T
κ2j (0, t) =∞
for j = 2, . . . , n.
Together with some additional arguments, the pinching estimate of Theorem 5.2 may also be used to show
the ratio κ1κ2 remains bounded under (5).
Corollary 5.4. Under the flow (6), the ratio κ
2
1
κ22
remains bounded.
Proof: We will prove this result by considering three cases separately. We know from Theorem 5.2 that H > 0
continues to hold under the flow, so
κ1 > − (n− 1)κ2
(in fact, a slightly stronger statement involving c1 is possible from Theorem 5.2) and if κ1 < 0, then we have
κ21 ≤ (n− 1)
2
κ22.
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If, instead, 0 ≤ κ1 ≤ c0, then from Proposition 4.3 we have
0 < κ1 ≤ κ2
and so
κ21 ≤ κ22 ≤ (n− 1)
2
κ22.
Finally, in the case κ1 ≥ c0 we have
2 (n− 1)κ1κ2 ≥ 2κ1κ2 ≥ 2c20
and
H2 − |A|2 = 2 (n− 1)κ1κ2 + (n− 1) (n− 2)κ22 ≥ 2 (n− 1)κ1κ2
so
H2
|A|2
≥ 1 + 2 (n− 1)κ1κ2
|A|2
≥ 1 + ε
for some ε > 0, since the homogeneous of degree zero function κ1κ2|A|2 attains a positive minimum on the set
{κ = (κ1, κ2) : |A| = 2c0, κ1, κ2 ≥ c0}.
Therefore
[κ1 + (n− 1)κ2]2
κ21 + (n− 1)κ22
≥ 1 + ε
so
κ21 + 2 (n− 1)κ1κ2 + (n− 1)
2
κ22 ≥ (1 + ε)
[
κ21 + (n− 1)κ22
]
.
In other words,
εκ21 ≤ (n− 1) (n− 2− ε)κ22 + 2 (n− 1)κ1κ2 ≤ (n− 1) (n− 2− ε)κ22 + ηκ21 +
1
4η
κ22
for any η > 0. Choosing η = ε2 gives
κ21 ≤
2
ε
(n− 1)
(
n− 2− ε+ 1
2ε
)
κ22.
We have shown that in all cases κ21 is bounded by κ
2
2, by a constant depending only on n and M0. This
completes the proof. 2
Corollary 5.5. Under the flow (6), there exists a constant C, depending only on n and M0 such that
(uxx)
2 ≤ C
u4
.
Proof: From (4) and Theorem 5.2 we have that under the flow,
(uxx)
2 ≤ C
[
1 + u2x
]2
u2
is preserved. The result follows in view of the remark after Proposition 4.3. 2
6. The singularity
Given an initial hypersurface M0 as in (2), comparison with an enclosing cylinder also flowing under (5) shows
that the maximal existence time T of a solution to (5) with initial hypersurface M0 is finite. Moreover, as t→ T
we must have u→ 0, that is, the evolving hypersurface approaches the axis of rotation, because if not, then u > 0
at time T and then Proposition 4.3 and Corollary 5.5 imply ux and uxx are bounded, so MT is a C2 hypersurface
which could be used in the short time existence result, contradicting the maximality of T . Therefore, there is
some x ∈ [0, a] such that |A|2 (x, t)→∞ and u (x, t)→ 0 as t→ T .
Here we characterise the curvature singularity of an axially symmetric hypersurface with positive F evolving
under (5) as Type I, analogous to the case of evolution of axially symmetric surfaces of positive mean curvature
by the mean curvature flow [H2].
Let F0 := minM0 F . In view of uniform parabolicity, a short argument (Lemma 2.5 in [ALM1]) shows that,
under the flow (5),
F (W (x, t)) ≥ F0√
1− 2CF 20 t
.
In analogy with the case of mean curvature flow [H2], we say a curvature singularity is Type I if there is a
C > 0 such that
lim
t→T
max
Mt
|A| ≤ C√
T − t
.
If the blow-up rate of |A| is faster than the above right hand side the curvature singularity is said to be Type II.
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Example: The blow-up rate of cylinders is Type I.
In the case of a cylinder, say κ1 = 0, κ2 = . . . = κn = 1r , ux ≡ 0 and (6) becomes
dr
dt
= −f
(
0,
1
r
, . . . ,
1
r
)
= −f0
r
,
where f0 := f (0, 1, . . . , 1). If the cylinder shrinks to a line at time T then
r (t) =
√
2f0 (T − t)
and the curvature evolves according to
|A| = n− 1√
2f0 (T − t)
,
so the singularity is Type I.
Theorem 6.1. Let M0 be an axially symmetric hypersurface given by (2) for some positive function u0 ∈ C2 ([0, a]).
Suppose F satisfies Conditions 2.1 and is everywhere strictly positive on M0. If T is the maximal existence time
then the norm of the second fundamental form satisfies
max
Mt
|A|2 ≤ C
T − t
for all t < T .
Proof: We will use a modification of the argument as in Theorem 5.7 of [AAG] taking into account our more
general flow speed F . In view of preserved curvature pinching, Theorem 5.2, there is a positive constant C such
that
Ḟ kpḞplh
m
k hml
F 2
≤ C2,
since the quantity on the left hand side is homogeneous of degree zero in the principal curvatures. This means
precisely that (
ḟ1
)2
u2xx
(1 + u2x)
3 +
(n− 1)
(
ḟ2
)2
u2 (1 + u2x)
≤ C2
[
(n− 1) ḟ2
u
√
1 + u2x
− ḟ
1uxx
(1 + u2x)
3
2
]2
where the quantity inside the brackets on the right hand side, namely F , is strictly positive by Lemma 4.1, (i).
Neglecting the second term on the left hand side, it follows that
ḟ1uxx
1 + u2x
≤ C
[
(n− 1) ḟ2
u
− ḟ
1uxx
1 + u2x
]
and therefore
ḟ1uxx
1 + u2x
≤ C
C + 1
(n− 1) ḟ2
u
.
Using (7) we estimate
∂u
∂t
=
ḟ1
1 + u2x
uxx −
(n− 1) ḟ2
u
≤
[
C
C + 1
− 1
]
(n− 1) ḟ2
u
=
−1
C + 1
(n− 1) ḟ2
u
≤ − (n− 1)C
C + 1
1
u
=: − δ
u
where we have used (13).
Now fix x and integrate: ∫ T
t
∂
∂τ
1
2
u2 (x, τ) dτ ≤ −δ (T − t) ;
this implies
u2 (x, t) ≥ u2 (x, T ) + 2δ (T − t) .
It follows that
κ22 (x, t) ≤
1
u2 (x, t)
≤ 1
u2 (x, T ) + 2δ (T − t)
≤ 1
2δ (T − t)
and in view of Corollary 5.4
κ21 (x, t) ≤ C2κ22 (x, t) ≤
C2
2δ (T − t)
.
The result follows. 2
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7. Closed, axially symmetric hypersurfaces
In this section we turn our attention to closed, convex, axially symmetric hypersurfaces without boundary evolving
under (5). There has been much previous work on closed convex hypersurfaces contracting under flows such as
(5), without the condition of axial symmetry, beginning with the famous result of Huisken for the mean curvature
flow [H1]. We refer the reader to [AMZ] for a discussion on previous work for fully nonlinear speeds satisfying
natural conditions such as Conditions 2.1. Crucial in most of the previous work is a second order condition on
the speed such as convexity, or concavity together with another natural condition either on the speed or on the
initial hypersurface, the latter in the form of a curvature pinching condition. Andrews has covered many cases
[An1,An3]; these and further generalisations are discussed in [AMZ]. Andrews and the first author were able to
show contraction to round points without a second order condition for hypersurfaces sufficiently close to spheres
in [AM], that is, for hypersurfaces already very strongly curvature pinched. In the special case of contracting
surfaces, that is, n = 2, no second order condition on the speed, nor any initial curvature pinching is needed
[An4]. In this section, we extend Andrews’ result for surfaces to the case of axially symmetric hypersurfaces,
again without any second order condition on the speed.
Theorem 7.1. Let M0 be a closed, smooth, strictly convex, axially symmetric n-dimensional hypersurface without
boundary, n ≥ 2 smoothly embedded in Rn+1 by X0 : Sn → Rn+1. Let F satisfy Conditions 2.1. Then there exists
a unique family of smooth, strictly convex, axially symmetric hypersurfaces {Mt = Xt (Sn)}0≤t<T satisfying (5),
with initial condition X (x, 0) = X0 (x) for all x ∈ Sn. The solution exists on a finite maximal time interval [0, T )
and the image converges uniformly to a point p ∈ Rn+1 as t→ T . The rescaled maps Xt−p√
2(T−t)
converge smoothly
and exponentially to an embedding X̃T whose image is equal to the unit sphere in Rn+1 centred at the origin.
Proof: The argument to obtain curvature pinching, in this setting positive bounds above and below on the ratio
κ2
κ1
of the two potentially different principal curvatures, is very similar to that presented in [An4], so we just point
out the necessary adjustments. A suitable pinching function here is the natural generalisation of that in [An4],
namely
G (W) =
n
∣∣A0∣∣2
H2
(14)
where
∣∣A0∣∣2 = |A|2 − 1nH2 is the trace-free norm of the second fundamental form, a natural pointwise measure
for convex hypersurfaces of their closeness to a sphere. This function G corresponds to
g (κ (W)) =
n
(
κ21 + . . .+ κ
2
n
)
− (κ1 + . . .+ κn)2
(κ1 + . . .+ κn)
2 .
Denoting as earlier the curvature in the axially direction as κ1, we have κ2 = . . . = κn and, by slight abuse of
notation, may rewrite
g (κ1, κ2) =
nκ21 + n (n− 1)κ22 − (κ1 + (n− 1)κ2)
2
(κ1 + (n− 1)κ2)2
.
It is easy to compute that
ġ1 =
2n (n− 1)κ2 (κ1 − κ2)
H3
and ġ2 =
2nκ1 (κ2 − κ1)
H3
.
We can show that the maximum of G is not increasing in time: restricting ourselves initially to a short time
interval on which Mt remains convex, at a maximum point (x0, t0) of G, t0 > 0, we must have G
∣∣
(x0,t0) > 0
and therefore κ1 6= κ2 at that point since otherwise, G
∣∣
(x,t0) ≡ 0 so κ1 ≡ κ2 and Mt0 is a sphere. Therefore,
Ġ is nondegenerate at this maximum point and, in view of Lemma 5.1, we have that the gradient term in the
evolution equation (11) for G, is equal to
2fġ1
κ2 (κ2 − κ1)
(∇1h22)2 = −
4n (n− 1) f
H3
(∇1h22)2 < 0.
It follows by the maximum principle that the maximum of G does not increase.
At such a maximum point of G, there are two possibilities: κ2 > κ1 or κ1 > κ2. In the former case,
1 < r =
κ2
κ1
=
1
n− 1
[
n
1−
√
(n− 1)G
− 1
]
,
so that G does not increase implies r does not increase. In the latter case
1 > r =
κ2
κ1
=
1
n− 1
[
n
1 +
√
(n− 1)G
− 1
]
,
so that G does not increase implies r does not decrease.
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In other words, we have shown that the pinching ratio does not deviate further from 1 and so the ratio κ2κ1
is bounded above and below by its initial extreme values. Pinching, together with the absolute lower bound on
F (analogous to Corollary 4.2, (i)) gives that the evolving hypersurface remains convex, so the above argument
applies up to time T .
In view of curvature pinching, the proof of Theorem 7.1 may be completed following the corresponding
arguments in [AM], see also the concluding remarks of that paper, since there no convexity condition on the
speed was required. 2
Remark: As in [An4], there is a corresponding result if F is instead homogeneous of degree α > 1, provided the
initial hypersurface is sufficiently curvature pinched. Specifically, the proof proceeds as above, except that, in
view of the homogeneity of F , the gradient term in the evolution equation for G now becomes
2nα (n− 1) f
H3
[
(α− 1) κ1
κ2
− (1 + α)
]
(∇1h22)2 .
For this to be nonpositive requires the pinching ratio of the principal curvatures to be not greater than
α+ 1
α− 1
= 1 +
2
α− 1
. (15)
The pinching estimate can also be used to show that convex, axially symmetric hypersurfaces contracting
self-similarly under (5) are necessarily spheres. This complements other results on compact self-similar hypersur-
faces contracting under curvature flows, such as those in [H2,Mc2]. Such hypersurfaces satisfy the corresponding
elliptic equation
〈X, ν〉 = F (W) (16)
and the characterisation as spheres may be deduced by considering the corresponding elliptic equation satified
by the curvature pinching function.
Theorem 7.2. If M is a closed, strictly convex, axially symmetric hypersurface satisfying (16), where F (W) =
f (κ) is positive, symmetric and homogeneous of degree 1, then M is a unit sphere.
Proof: In view of (16), the function G, as defined in (14), satisfies
LG =
(
Ḟ ijG̈kl,pq − ĠijF̈ kl,pq
)
∇ihkl∇jhpq + 〈X,∇G〉 . (17)
Suppose that G obtains a local maximum on M . At such a local maximum point of G, it must be that G > 0
because otherwise G ≡ 0 and M is a sphere. Therefore, Ġ is nondegenerate at this maximum point, and, in view
of Lemma 5.1, we have(
Ḟ ijG̈kl,pq − ĠijF̈ kl,pq
)
∇ihkl∇jhpq = −
2fġ1
κ2 (κ2 − κ1)
(∇1h22)2 =
4n (n− 1) f
H3
(∇1h22)2 > 0,
which is a contradiction to G having a local maximum. Therefore G must be identically constant, and if M is
not a sphere G > 0 and everywhere on M we have κ1 6= κ2. In this case, that the first term in (17) is identically
equal to zero implies that ∇1h22 ≡ 0, and since ∇G ≡ 0 we have
0 ≡ ġ1∇1h11 + (n− 1) ġ2∇1h22
so ∇1h11 ≡ 0 also because ġ1 6= 0. In view of Lemma 3.2, it follows that M is a sphere. 2
Remark: Again there is a corresponding result for speeds F homogeneous of degree α > 1: if the closed, convex,
axially symmetric hypersurface M satisfies (16) and has curvature pinching ratio not greater than (15), then it
must be a sphere.
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